The magnetic correlation in the Hubbard model on a two-dimensional anisotropic triangular lattice is studied by using the determinant quantum Monte Carlo method. Around half filling, it is found that the increasing frustration t ′ /t could change the wave vector of maximum spin correlation along (π, π)→(π, ), indicating the frustration's remarkable effect on the magnetism. In the studied filling region n = 1.0 − 1.3, the doping behaves like some kinds of frustration, which destroys the (π, π) AFM correlation quickly and push the magnetic order to a wide range of the ( ) 120
INTRODUCTION
Geometrically frustrated systems are among the central issues in condensed-matter physics for many years [1] . Geometrical frustration is caused by a lattice structure where intersite interactions are conflicting. This conflict is reflected by the impossibility of a simultaneous pairwise minimization of the interaction energy on a given site and its neighbors. In geometrically frustrated systems, electron correlations may lead to exotic quantum states and properties. Understanding such novel quantum phenomena will give new insights in physics beyond particular fields. Recently, several new materials with frustrations have been discovered and novel phenomena in these systems have been reported. Among them, experimental and theoretical studies have demonstrated that the anisotropic triangular lattice as realized in the κ-(BEDT-TTF) 2 X family of organic charge transfer salts yields a complex phase diagram with magnetic [2] [3] [4] , superconducting [5] , Mott insulating [6] [7] [8] , and spin liquid phases [9] [10] [11] [12] [13] [14] .
Finding the underlying mechanism is a great challenge to physicists and there are intense efforts to get a grip on the problem including studies with path integral renormalization group [15] [16] [17] , exact diagonalization [18, 19] , variational Monte Carlo calculations [20, 21] , cluster dynamical mean field theory [22, 23] , and dual fermions [24] . Referring to the magnetism, κ-(ET) 2 Cu[N(CN) 2 ]Cl exhibits an antiferromagnetic (AFM) long range order in the insulating state [25, 26] , where κ-(ET) 2 Cu(NCS) 2 has no magnetic order. The situation of the pairing symmetry in κ-(ET) 2 X is also complicated owing to the existence of frustration. Some studies on the anisotropic triangular lattice and NMR experiments [27] suggested that most of the κ-type salts have d x 2 −y 2 -wave pairing, while * liang@bnu.edu.cn some other experiments for κ-(ET) 2 Cu(NCS) 2 have implied that the directions of nodes are similar to that of d xy -wave [28] [29] [30] . The complexity of these family members calls for further studies on the anisotropic triangular lattice so as to clarify some important issues. The anisotropic triangular lattice is an ideal platform to study the effect of frustration. As demonstrated in Fig. 1 (a) , t denotes the nearest hoping and t ′ indicates the next nearest hoping term. By varying the ratio t ′ /t from 0 to 1, the systems go from non-frustrated ( t ′ =0) to fully-frustrated ones ( t ′ =1). In fact, the change of t ′ /t is not only a way to control frustration, but also describes different real materials.
The geometrical frustration measured by t ′ /t is expected to play a crucial role in inducing various magnetic order and superconducting states in geometrically frustrated systems. Corresponding to the non-frustrated cases ( t ′ /t=0 ), the ground state of the square lattice at half filling is a Mott insulator with AFM order. Introducing frustration, which brings the competition between interactions and the geometry, is believed to suppress AFM ground state and replace it with other kinds of magnetic order [15, [31] [32] [33] [34] [35] [36] [37] . Indeed, previous studies of Heisenberg model have suggested AFM Néel order for small frustration, incommensurate (q, q) long-range AFM order for larger frustration, and the 120
• order realized in the isotropic limit [23, [38] [39] [40] [41] [42] . However, most of these studies are limited on the half-filled case or finite frustrated case [20, 22, 43, 44] , and a full diagram on the magnetic order depends on the frustration and doping is still lacking, especially within some kinds of nonbiased numerical methods. In this paper, we studied the magnetic correlation in the Hubbard model on a twodimensional anisotropic triangular lattice by using the determinant quantum Monte Carlo method (DQMC). Our non-perturbative calculations reveal a rich magnetic phase diagram over both the frustration and doping.
MODEL AND METHODS
We start from the Hubbard model on the anisotropic triangular lattice, which is defined as
In Eq. (1), c iσ (c † iσ ) annihilates (creates) electrons at the site R i with spin σ (σ =↑, ↓) and n iσ = c † iσ c iσ . Here U is the onsite repulsion, t and t ′ represents the hopping amplitudes between nearest neighbors and next-nearest neighbors on the two-dimensional square lattice, as that illustrated in Fig. 1 .
By controlling the scale of the frustration parameter t ′ /t (0 ∼ 1.0), the anisotropic triangular lattice becomes a unified description of lattices between the square lattice (t ′ /t = 0) and the isotropic triangular lattice (t ′ /t = 1). At t ′ = 0, neighboring lattice points have opposite spins so the system could maintain stable. As t ′ /t increase, the model will show the characteristics of anisotropic triangular lattices. Experimental results have found that t ′ /t lies in the range 0.4 < ∼ t ′ /t < ∼ 0.84 for κ-(BEDT-TTF) 2 X family [45, 46] .
To study the magnetic correlations, we define the spin structure factor in the z direction at zero frequency,
where
and N s represents the unit number of the lattice.
Our main method is the DQMC simulation based on Blankenbecler-Scalapino-Sugar (BSS) algorithm [47] , which is a reliable tool for investigating the nature of magnetic correlations in the presence of moderate Coulomb interactions [48, 49] . In DQMC, the basic -filling on a 12 2 lattice with U = 3.0|t|, T = |t|/6. Here, q is scanned along the path
strategy is to express the partition function as a highdimensional integral over a set of random auxiliary fields. Then the integral is accomplished by Monte Carlo techniques. In present simulations, 8000 sweeps were used to equilibrate the system, and an additional more than 30000 sweeps were made, each of which generated a measurement. These measurements were split into ten bins which provide the basis of coarse-grain averages, and errors were estimated based on standard deviations from the average. For more technique details, we refer to reference [47] , and a brief introduction to the DQMC method based on the BSS algorithm has been given in references. [49, 50] .
RESULTS AND DISCUSSION
Our DQMC simulations of the system were mainly performed at finite temperatures on a 12 × 12 lattices with periodic boundary conditions, and our results are limited up to U ≤ 5.0|t| and β = 1/T ≤ 6|t|, due to the notorious sign problem in DQMC method. The band width of anisotropic triangle lattice is in the range of (8|t|, 9|t|). The investigated interaction is around the half band width, for which the system is moderate correlated but not a strong correlated problem. Even so, the DQMC runs has to be stretched by a factor on the order of sign −2 for some t ′ or electron fillings, in order to obtain the same quality of data as for sign ≃ 1.
In Fig. 2 , the spin structure factor S(q) as a function of momentum q with different t ′ /t at half filling is present for U = 3.0|t| and temperature T = |t|/6. As the frustration, t ′ /t, is increased from 0 to 1.0, the results shown in Fig. 2 , describe a whole diagram over the complete range from the non-frustrated square lattice to the full-frustrated triangular lattice. Our main aim here is to explore the role of magnetic order S(q) depends on the frustration. At t ′ /t = 0 (dark line with triangle), a sharp peak of S(q) appears at the (π, π) point, indicating the intensive AFM fluctuation in the non-frustrated cases, and when t ′ /t = 1 ( dark-red line with dotted diamond), the peak of S(q) moves to ( • ordering, which has been proved in a series of previous references [17, 20, 38, 44] . In the range of 0.6 < t ′ /t < 1.0, the peak of S(q) varies from the (π, π) point to (π, 5π 6 ), and then ( 5π 6 , 5π 6 ). Thus, it is interesting to see that the magnetic order has a rich phase diagram over the ratio of t ′ /t. If there was a phase transition, it should be second order as the chemical potential around the phase transition is linear dependent on the change of the driving parameter t ′ , as well as the electron filling reported later.
We further our studies on different U and temperature. In Fig. 3 , a similar phase diagram with a larger U = 5.0|t| and higher temperature T = |t|/4 is shown, which confirms that the magnetic order varies over the frustration. In Fig. 3 , we also compare the magnetic correlation of U = 3.0|t| with U = 5.0|t| when t ′ = 0 and t ′ = t at the same temperature T = |t|/4. The magnetic correlation is enhanced by the repulsive interactions, especially at the (π, π) for t ′ = 0 and (
3 ) for t ′ = t. In electronic correlated systems, doping is an important parameter, which may lead to new states. Fig.  4 shows the behaviors of S(q) at different t ′ /t for (a) n = 1.1 and (b) n = 1.3 , respectively. Compar- ing Fig. 4 (a) with Fig. 2 , it is seen that the peak of S(q) at (π, π) decreases as n increases from 1.0 to 1.1, indicating the AFM fluctuations are suppressed by the increasing doping. At t ′ = 0.4t, the peak of S(q) varies from (π, π) to (π, 5π 6 ), and this crossover, requires a higher t ′ /t (0.6 < (t ′ /t) < 0.8) for half filled case. The result shown in Fig. 4 (b) for n = 1.3 is similar as those for n = 1.1 and at half filling. When t ′ /t increases from zero to t ′ /t = 0.4, the peak of S(q) varies from (π, It is known that the peak of S(q) at (π, π) indicates the AFM in square lattice ( non-frustrated system), and the peak of S(q) at 6 ), we argue here that it is a crossover from the well format AFM to 120-AFM in the anisotropic triangle lattice. One interesting question to be asked here is whether there shall be long range magnetic order for phase with peak at (π, ). To determine whether there is long range order, a careful scaling analysis with respect to different cluster size at zero temperature has to be done. However, the Hubbard model on an anisotropic triangu- lar lattice is a strong frustrated system, and the notorious sign problem, prevent possible exact ground state projective quantum Monte carlo (PQMC) investigation. It is possible to try the constrained path Monte Carlo (CPMC) simulations, which uses the constrained path approximation, and it is free of any sign decay [52, 53] . Further intensive numerical simulation is needed to clarify this point. Fig. 4 reveals that the magnetic order may also have a rich phase diagram depends on the doping. To further our story step by step, S(q) at different fillings for t ′ /t = 1.0 are shown in Fig. 5 . At half filling, fixed at the maximum frustration t ′ /t = 1, a broad peak is around ( 2π 3 , 2π 3 ). As the electron filling n increases from half filling to n = 1.3, S(q) in first Brillouin zone is reduced entirely except at ( 3 ) remains the peak in the momentum space and the peak becomes much sharper as n increases. That seemingly shows the enhancement of 120
• ordering within the increase of certain electron doping. The enhancement of 120
• order at n = 1.3 may be understood as following. Around n = 4/3, a 3-site triangle cluster is doped by one additional electron (i.e. 3 sites with 4 electrons). As this additional electron has equal possibility to stay at any of the three sites in one triangular cluster, to minimize the total energy of the spin interactions, the other three spins may tend to form a 120
• configuration. As in this case, all 3 sites are occupied by one electron and their spins point to each other with 120 angle, when the fourth electron is added, at each site its spin has to be antiparallel to the existing spin. After averaging over all three sites, the net effect from the addition of the fourth spin is minimized to zero.
FIG. 6: (color online)
. Spin structure factor S(q) as a function of the frustration t ′ /t (ranged from t ′ = 0 to t ′ /t = 1.0) on a 12
2 lattice with U = 3.0|t|, T = |t|/6 at two electrondoped fillings:(a) n = 1.1 and (b) n = 1.3. Here, three points (π, π) (green line), ( From figures 2-5, it is interesting to see that there is a really rich magnetic phase diagram depends both on the frustration and doping, and the main competition in the magnetic structure are among S(q) at (π, π), ( 3 ). To have a global picture, in Fig. 6 , we present the magnetic correction S(q) at these three main momentum point versus the ratio of t ′ /t at n = 1.1 (a) and n = 1.3 (b). In these two doped regions, the AFM fluctuations corresponding to S(π, π) are prominent at small t ′ /t, and in contrast, 120
• magnetic order corresponding to S( 3 ) could achieve the predominance as t ′ /t is large enough. In the between, S( 5π 6 , 5π 6 ) could take over the predominance with a moderate t ′ /t. There are also some differences between the crossover in these two different electron filling: (i) The boundary of crossover is different, and in fact, the crossover to ( 6 ) for n = 1.3 is around t ′ /t = 0.7, illustrating that enhancement of electron doping could make the crossover to 120
• ordering easier; (ii) Enhancement of the frustration promotes the spin fluctuations in S(
3 ) as a whole at n = 1.3 instead of suppressing it slightly at n = 1.1, which might be the reason why a sharp peak forms around the (
3 ) point for t ′ = t at n = 1.3 (see that in Fig. 4) . A full phase diagram of magnetic correlation on the t ′ /t − n plane is present in Fig. 7 . There is a clear crossover of magnetic order in the phase diagram, where the peak in the momentum changes along (π, π)→(π,
3 ) as t ′ /t increases. The peak in S(q) at (π, π) point appears with smaller t ′ /t and doping, suggesting a stronger AFM fluctuation in the regions of small frustration and doping. At half filling, there is a peak at (
3 ) only in a very narrow region, which is close to the isotropic limit t ′ = t, indicating that 120
• magnetic order is stable only for t ′ ∼ t at half filling, in agreement with previous studies by other methods [35, 36, 38, 51] . As the system is doped away from half filling, especially at n = 1.3, the 120
• order is dominant over a wider region of t ′ /t, comparing with that of half filling. While the region where S(π, π) leads, becomes more and more narrow as n increases, and the AFM correlation should be destroyed when the doping is approaching n = 1.3, for whichever value of t ′ /t. Thus we argue that the doping may also acts as some kind of frustration. We also note that the crossover, corresponding to (π, 5π 6 ) and ( 5π 6 , 5π 6 ), dominate in the intermediate region of moderate t ′ /t, suggesting the existence of one more crossover between the AFM and 120
• magnetic order, which possibly belongs to incommensurate (q, q) long-range AFM orders [38, 40, 42] . The uncertainty of the phase boundary should be in principle determined by the error bar of the magnetic correlation around the transition point, which is no more than 0.6 percent within current parameters, and the uncertainty shown in the figure is smaller than the size of symbol.
CONCLUSION
To summarise, we have studied the magnetic correlation for a variety of frustrations, electron fillings, interactions and temperatures within the Hubbard model on a two-dimensional anisotropic triangular lattice by using the quantum Monte Carlo method. Our non-biased numerical results provide a full phase diagram of the magnetic correlation depends on the frustration and doping.
In the anisotropic triangular lattice, the system varies from non-frustrated lattice to the fully-frustrated one as t ′ /t increases from 0 to 1. As the t ′ /t increases, the peak of S(q) moves from (π, π), (π, 3 ) at half filling. With a finite doping, the doping acts like some kinds of frustration, which destroys the S(π, π) quickly and push the magnetic order to a wide range of S( Author Contributions: Ma T. and Wang P. developed the simulation codes; Wang P., Ma X., Wang J., and Zeng Y. performed the simulations and analyses and prepared the figures; Ma. T., Liang Y. and Wang P. directed the investigation and wrote the paper. The manuscript reflects the contributions of all authors.
